Both the theories of formal concept analysis and rough set theory have been generalized to the fuzzy setting [3] [4] [5] 11] . Let ðL; Ã; 1Þ be a complete residuated lattice. A fuzzy (formal) context is a triple ðX; Y; RÞ, where R : X Â Y ! L is a fuzzy relation between the sets X and Y. For a fuzzy context ðX; Y; RÞ, Bělohlávek [1] introduced a contravariant Galois connection ðR " ; R # Þ between the fuzzy powersets L X and L Y . Making use of the Galois connection ðR " ; R # Þ, Bělohlávek [5] introduced the concept of a formal concept of the fuzzy context ðX; Y; RÞ. The Fundamental Theorem of formal concept analysis has been extend to the fuzzy situation in [5] . Precisely, Bělohlávek introduced the notion of complete L-ordered sets (or, complete L-lattices for short), which is in fact a notion of complete lattices in fuzzy logic, then he proved that for any fuzzy context ðX; Y; RÞ, the set BðX; Y; RÞ of all concepts of ðX; Y; RÞ is a complete L-lattice; conversely, every complete L-lattice is isomorphic to BðX; Y; RÞ for some fuzzy context ðX; Y; RÞ. For a fuzzy context ðX; Y; RÞ, a covariant Galois connection ðR 9 ; R 8 Þ between the fuzzy powersets L X and L Y has been defined in [11, 21] . This covariant Galois connection is a fundamental tool in the study of (generalized) fuzzy rough set theory. Analogous to the classical situation, the concept of a property oriented concept of a fuzzy context is introduced in terms of ðR 9 ; R 8 Þ [10, 20, 26] . The set of property oriented concepts of ðX; Y; RÞ is denoted by PðX; Y; RÞ. As we shall see in the sequel, for any fuzzy context ðX; Y; RÞ, PðX; Y; RÞ is also a complete L-lattice. So, a natural question is: Question 1.1 Whether every complete L-lattice is isomorphic;to PðX; Y; RÞ for some fuzzy context ðX; Y; RÞ?
The answer to this question is, a little surprisingly, negative in general. Precisely, it is shown that (i) a complete L-lattice is isomorphic to the concept lattice of some fuzzy context based on rough set theory if and only if it is isomorphic to a fuzzy opening system in some fuzzy powerset L X ;
(ii) every complete L-lattice is isomorphic to a fuzzy opening system in some fuzzy powerset L X if and only if ðL; Ã; 1Þ satisfies the law of double negation.
Therefore, if ðL; Ã; 1Þ does not satisfy the law of double negation, then there exists a fuzzy complete lattice that is not isomorphic to the concept lattice of any fuzzy context based on rough set theory. Thus, the expressive power of concept lattices of fuzzy contexts based on formal concept analysis is, in general, stronger than that based on rough set theory.
In order to make clear the connection and difference between concept lattices of fuzzy contexts based on formal concept analysis and rough set theory, a comparative study of the two theories is undertaken in this paper. As by-products, some new characterizations of formal concept lattices of fuzzy contexts are also obtained.
The contents are arranged as follows. Section 2 presents a brief introduction of concept lattices based on formal concept analysis and rough set theory. Section 3 recalls some basic notions of L-ordered sets and complete L-lattices needed in the sequel. Section 4 focuses on concept lattices of fuzzy contexts based on formal concept analysis. Section 5 is devoted to concept lattices of fuzzy contexts based on rough set theory.
Concept lattices based on formal concept analysis and rough set theory
For convenience of the reader, we recall in this section some basic facts about concept lattices based on the formal concept analysis and that based on rough set theory.
Given a context ðX; Y; RÞ, define a pair of operators ðR " ; R # Þ between the powersets of X and Y as follows: 
Define a partial order on the set of all the formal concepts of a context ðX; Y; RÞ as follows:
Then the set BðX; Y; RÞ equipped with the order 6 is a complete lattice. In fact, given a family U ¼ fðU i ; V i Þ; i 2 Ig of formal concepts of ðX; Y; RÞ, it holds that
The following theorem is called the Fundamental Theorem of concept lattices in [7] . As a consequence of the above theorem, every complete lattice is isomorphic to the concept lattice of some context [7] . In particular, if V is a complete lattice, then V is isomorphic to the concept lattice of the context ðjVj; jVj; 6Þ, where jVj denotes the underlying set of V.
Given 
Then PðX; Y; RÞ becomes a complete lattice and is isomorphic to BðX; Y; :RÞ. Therefore, every complete lattice V is isomorphic to the property oriented lattice of some context, in particular, V is isomorphic to PðjVj; jVj; iÞ, where jVj is the underlying set of V.
Orders and complete lattices in the fuzzy setting
Both the notion of concept lattices based on formal concept analysis and that based on rough set theory have been generalized to the fuzzy setting [3] [4] [5] 11] . In order to explain these theories, we recall some basic notions of fuzzy orders and fuzzy complete lattices.
A complete residuated lattice [4, 13] is a triple ðL; Ã; 1Þ, where L is a complete lattice with a bottom element 0 and a top element 1; Ã is a binary operation on L such that (1) ðL; Ã; 1Þ is a commutative monoid; (2) Ã distributes over arbitrary joins in the sense that
Given a complete residuated lattice ðL; Ã; 1Þ, define a binary operation ! on L by
The binary operation ! is called the residuation corresponding to Ã. The binary operations Ã and ! are interlocked by the adjoint property a Ã b 6 c () a 6 b ! c: Because of this adjoint property, complete residuated lattices are often employed to play the role of the table of truth-values in fuzzy set theory, with Ã being interpreted as conjunction and ! as implication [13, 17] . Throughout this paper, ðL; Ã; 1Þ always denotes a complete residuated lattice. Some basic properties of complete residuated lattices are collected here. They can be found in many places, e.g. [4, 13] .
Let ðL; Ã; 1Þ be a complete residuated lattice. The negation on L is the function : : L ! L defined by :ðaÞ ¼ a ! 0. ðL; Ã; 1Þ is said to satisfy the law of double negation [4, 13] if :ð:aÞ ¼ ða ! 0Þ ! 0 ¼ a for all a 2 L. When ðL; Ã; 1Þ satisfies the law of double negation, we have that For any set X, the set L X of mappings X ! L with the pointwise order is also a complete residuated lattice: joins, meets, and the binary operations Ã and ! are defined pointwisely. Elements of L X are called L-subsets (or, fuzzy subsets) of X. Also, for k 2 L X and a 2 L, we denote by a Ã k and a ! k the L-subsets defined by ða Ã kÞðxÞ ¼ a Ã kðxÞ; ða ! kÞðxÞ ¼ a ! kðxÞ for each
Given sets X; Y, a fuzzy relation from X to Y is a mapping R : X Â Y ! L. A fuzzy context is a triple ðX; Y; RÞ, where R is a fuzzy relation from X to Y. Definition 3.1. An L-order (or, a fuzzy order) on a set X is a binary fuzzy relation P : X Â X ! L such that (1) 1 6 Pðx; xÞ for every x 2 X (reflexivity); (2) Pðx; yÞ Ã Pðy; zÞ 6 Pðx; zÞ for all x; y; z 2 X (transitivity); (3) Pðx; yÞ ¼ Pðy; xÞ ¼ 1 implies that x ¼ y (anti-symmetry).
The pair ðX; PÞ is called an L-ordered set.
For an L-ordered set ðX; PÞ, the value Pðx; yÞ is interpreted as the degree to which x is less than or equal to y. The pair ðX; PÞ is often abbreviated to X if there would be no confusion about the L-order P, i.e. we often denote both an L-preordered set ðX; PÞ and its underlying set X by X, and write Xðx; yÞ instead of Pðx; yÞ.
Remark 3.2. In [5, 6] , an L-preordered set is defined to be a triple ðX; R; %Þ, where R is an L-preorder on X and % is an Lequality on X compatible with R. It is easy to check that if R is compatible with %, it must hold that %¼ R V R op . Thus, the Lequality % is completely determined by R, so, it can be omitted in the definition of an L-preordered set.
Given an L-ordered set X, define a binary relation 6 on X by x 6 y if Xðx; yÞ ¼ 1. Then 6 is a reflexive, transitive, and antisymmetric relation, hence a classical (partial) order on X. ðX; 6Þ is called the underlying ordered set of X, which will be denoted by X 0 in the sequel.
A function f : A ! B between L-ordered sets is said to be L-order preserving if Aða; bÞ 6 Bðf ðaÞ; f ðbÞÞ for all a; b 2 A. The inequality Aða; bÞ 6 Bðf ðaÞ; f ðbÞÞ asserts that if a is less than or equal to b, then f ðaÞ is less than or equal to f ðbÞ. If f : A ! B is L-order preserving, then f : A 0 ! B 0 is order preserving. The composition of L-order preserving functions is also L-order preserving. An L-order preserving function f : A ! B is called an isometry if Aða; bÞ ¼ Bðf ðaÞ; f ðbÞÞ for all a; b 2 A. Clearly, an isometry between L-ordered sets must be an injective function; surjective isometries are exactly the isomorphisms in the category of L-ordered sets and L-order preserving functions. Example 3.3. In this example we list some standard methods to construct L-ordered sets which are scattered in the literature. The aim is to fix some notations for later use.
(1) (The canonical L-order on ðL; Ã; 1Þ) Let ! ða;
Let A be an L-ordered set and B is a subset of A. For all a; b 2 B, let Bða; bÞ ¼ Aða; bÞ. Then B becomes an L-ordered set.
The
(5) (Fuzzy powerset) Let X be a set. For all fuzzy sets l :
SÞ is an L-ordered set. The mapping S is the called subsethood degree in the literature, e.g. [4] . The L-ordered set ðL X ; SÞ is called the fuzzy powerset of X, denoted by L X for short. An L-adjunction f ' g : A * B is exactly a fuzzy Galois connection in the sense of Bělohlávek [1] . (1) The contravariant Galois connection) Given a fuzzy context ðX; Y; RÞ, the pair of operators ðR " ; R # Þ between the fuzzy powersets of X and Y given by
ðlðxÞ ! Rðx; yÞÞ; ð5Þ
(2) ( [11] The covariant Galois connection) Given a fuzzy context ðX; Y; RÞ, define 
Eq. (9) means that for all y 2 A, a is less than or equal to y if and only if for all x belongs to l, x is less than or equal to y. Said differently, a is the smallest upper bound of l, hence the term supremum.
Definition 3.8. An L-ordered set A is a complete L-lattice if every fuzzy set l of A has both a supremum and an infimum.
Let A be an L-ordered set and l : A ! L a fuzzy subset of A. It is easy to check that the supremum of l in A is exactly the infimum of l in A op . Thus, the dual of a complete L-lattice is also a complete L-lattice. where W and V denote respectively the join and meet in the complete lattice A 0 .
Example 3.11 [23] . For every set X, the fuzzy powerset Proof. We prove the equivalence of (1) and (2) The following 3.16-3.20 slightly generalize the corresponding definitions and results in [2, 11] .
Definition 3.16. Let A be a be a complete L-lattice, and & be the tensor and cotensor in A.
(1) A subset O & A is a fuzzy opening system of A if (i) for every subset fx t g t2T # O, the join W t2T x t of fx t g t2T in A 0 belongs to O; (ii) for all x 2 O and a 2 L, the tensor a x belongs to O. thus, a x 2 O. Similarly, it can be verified that for every subset fx t g t2T # O, the join W t2T x t of fx t g t2T in A 0 belongs to O. h The above proposition establishes a bijection between fuzzy opening systems in a complete L-lattice A and the fuzzy opening operators on A. For a fuzzy opening operator o : A ! A, the set oðAÞ of fixed points is a fuzzy opening system of A. Conversely, for a fuzzy opening system O in A, o ¼ i k : A ! A is a fuzzy opening operator on A, where k is the right adjoint of the inclusion O ! A. These two processes are inverse to each other. (1) C is a fuzzy closure system of A; (2) The inclusion function i : C ! A is a right adjoint; (3) There is a fuzzy closure operator c : A ! A such that C ¼ cðAÞ.
This proposition establishes a bijection between fuzzy closure systems in a complete L-lattice A and the fuzzy closure operators on A. For a fuzzy closure operator c : A ! A, the set cðAÞ of fixed points is a fuzzy closure system of A. Conversely, for a fuzzy closure system C in A, c ¼ i h : A ! A is a fuzzy closure operator on A, where h is the left adjoint of the inclusion C ! A. These two processes are inverse to each other. Example 3.21. Let L be a frame, that is, L is a complete lattice such that the binary meet operation V distributes over arbitrary joins. Then ðL; V ; 1Þ is a complete residuated lattice. By Example 3.11, ðL; !Þ is a complete L-lattice. A fuzzy closure system of L is a subset A & L such that (a) A is closed under meets; and (b) for all a 2 L; x 2 A, a ! x 2 A. So, a fuzzy closure system A in L (regarded as a complete L-lattice) is exactly a quotient frame (or, a sublocale) [14] of L.
Remark 3.22. Let L-Sup denote the category (see [18] for category theory) with complete L-lattices as objects and left adjoints as morphisms. Let A be a complete L-lattice. Then a fuzzy closure system C of A is exactly a quotient object of A, a fuzzy opening system O of A is exactly a sub-object of A in the category L-Sup. 
Concept lattices of fuzzy contexts based on formal concept analysis
Then B R becomes an L-ordered set.
Let p 1 : B R ! L X be given by ðl; kÞ#l. Then p 1 is isometric. Hence B R can be regarded as a subset of L X endowed with inherited L-order. Moreover, since the image p 1 ðB R Þ is the set of the fixed points of the fuzzy closure operator Proof. The formal concept lattice of ðX; Y; RÞ is the set of fixed points of the fuzzy closure operator
is isomorphic to a fuzzy closure system of the fuzzy powerset L X . Conversely, if A is isomorphic to a fuzzy closure system of some fuzzy powerset L X , then there is a fuzzy closure operator c : Proof. Let X be the underlying set of A. Example 4.7. For each set X,
The following theorem generalizes Theorem 2.1 to the fuzzy setting. 
We show that c and d are the required mappings. Firstly, since R " ð1 x Þ ¼ Rðx; ÀÞ, we have Therefore, if we identify U as an L-subset of BðX; Y; RÞ, the second component of sup U (see (16)) is k. Thus, sup U ¼ ðl; kÞ and cðXÞ is then sup-dense in BðX; Y; RÞ.
That dðYÞ is inf-dense in BðX; Y; RÞ can be proved dually. Sufficiency: Our strategy is to show that the mapping / : V ! B R ; /ðvÞ ¼ ðVðcðÀÞ; vÞ; Vðv; dðÀÞÞÞ is an isomorphism.
Step we obtain that VðcðxÞ; vÞ cðxÞ 6 v. Thus, W x2X ðVðcðxÞ; vÞ cðxÞÞ 6 v. The second equality can be verified dually.
Step The second equality can be proved dually.
Step 3: We show that for any formal concept ðl; kÞ, there is some v 2 V such that VðcðÀÞ; vÞ ¼ l, Vðv; dðÀÞÞ ¼ k, hence, the mapping / is surjective. Indeed, let v ¼ The following conclusion was proved in [5] . We deduce it here as a consequence of the above theorem. The set of all property oriented concepts of ðX; Y; RÞ is denoted by PðX; Y; RÞ (or, P R for short).
For ðl 1 ; k 1 Þ 2 P R and ðl 2 ; k 2 Þ 2 P R , let
Then P R becomes an L-ordered set. Let p 1 : P R ! L X be given by p 1 ðl; kÞ ¼ l. Then p 1 is an isometry, hence P R can be regarded as a subset of L X endowed with inherited L-order. Furthermore, since p 1 ðP R Þ is exactly the set of fixed points of the fuzzy closure operator
P R is isomorphic to a fuzzy closure system of the fuzzy powerset L X .
Dually, let p 2 : P R ! L Y be given by p 2 ðl; kÞ ¼ k. Then p 2 is an isometry, hence P R can be regarded as a subset of L Y with inherited L-order. Moreover, p 2 ðP R Þ is exactly the set of fixed points of the fuzzy opening operator
is isomorphic to a fuzzy opening system of the fuzzy powerset L Y .
Therefore, P R is a complete L-lattice, called the property oriented concept lattice of ðX; Y; RÞ [9, 27] (or, the concept lattice of ðX; Y; RÞ based on rough set theory). The supremum and infimum of an L-subset U : P R ! L are given by:
sup U ¼ R the last inequality holds because a ! 0 2 L X is the constant function with value a ! 0. Thus, gððða ! 0Þ ! 0Þ ! aÞ ¼ 0 ¼ gð1Þ; and then ðða ! 0Þ ! 0Þ ! a ¼ 1 since g is injective. Consequently, ða ! 0Þ ! 0 6 a for all a 2 L.
Finally, since that a 6 ða ! 0Þ ! 0 holds trivially, we conclude that ðL; Ã; 1Þ satisfies the law of double negation. h Remark 5.4. Theorem 4.5 guarantees that every complete L-lattice is isomorphic to a concept lattice of some fuzzy context based on formal concept analysis. But, Theorem 5.3 shows that there is a complete L-lattice which is not isomorphic to the property oriented concept lattice of any fuzzy context if the complete residuated lattice ðL; Ã; 1Þ does not satisfy the law of double negation.
For a fuzzy context ðX; Y; RÞ, the image of the mapping g : X ! P R ; gðxÞ ¼ ðR 8 ðR 9 ð1 x ÞÞ; R 9 ð1 x ÞÞ;
is sup-dense in P R . In fact, for any property oriented concept ðl; kÞ 2 P R , let U : gðXÞ ! L be given by Hence, if we identify U as an L-subset of PðX; Y; RÞ, the second component of sup U (see (18)) is k. Therefore, sup U ¼ ðl; kÞ.
But, it is not necessary that there is a mapping : Y ! P R such that ðYÞ is inf-dense in P R . 
Conclusion
Let L-Sup be the category with complete L-lattices as objects and left adjoints as morphisms, V a complete L-lattice. Then
(1) The following are equivalent: (a) V is isomorphic to the property oriented concept lattice PðX; Y; RÞ of some fuzzy context ðX; Y; RÞ; (b) V is isomorphic to a fuzzy opening system of some fuzzy powerset L X ;
(c) V is isomorphic to a subobject of a fuzzy powerset L X in the category L-Sup.
(2) The following are equivalent: (a') V is isomorphic to the formal concept lattice BðX; Y; RÞ of some fuzzy context ðX; Y; RÞ; (b') V is isomorphic to a fuzzy closure system of some fuzzy powerset L X ;
(c') V is isomorphic to a quotient of a fuzzy powerset L X in the category L-Sup.
Since every complete L-lattice can always be written as a fuzzy closure of a fuzzy powerset, but not always as a fuzzy opening system of a fuzzy powerset, the expressive power of concept lattices based on formal concept analysis is, in general, stronger than that based on rough set theory.
